
 
  
 
 
 
 
 
 
 
 

The BEAM 

100 Problem 
Challenge 

 
Solved at BEAM 2019 

  
Try out the problems you missed! You can check solutions with us…  

• By text message to 646-653-0629  
• By e-mail to mathchallenges@beammath.org   

 
Enjoy the problems, from all of us at BEAM! 

mailto:mathchallenges@beammath.org


Problem 1 
A friend tells me that she has three children, and that if you multiply 
their three ages you get 72.  “I don’t have enough information to figure 
out how old they are!” I reply. 

“All right,” she says, “if you add their ages, you get the street number 
from my address.” 

I know where she lives, so I do some calculations.  “I still don’t know 
how old they are!” I reply. 

“Well,” she replies, “the oldest is really good at chess.” 

Now I know how old they are.  How old are her children, and what is 
her street address? 

Problem 2 
An eccentric queen is trying to find the wisest person in the land to be 
her chief counselor. You come to her offering your services. 

“Well,” she says, “I need to know that you’re really wise. So here is a 
challenge.” She takes out nine identical coins (of course, all of them 
have her face on them—she is the queen, after all!). “One of these is 
counterfeit and weighs more than the others. You need to figure out 
which it is.” 

“But I don’t have a scale.” 

With that, she brings out a balance scale (she was clearly ready for 
this). A balance scale lets you compare the weight of whatever is in its 
two pans—the heavier pan tips lower. However, it doesn’t tell you what 
the items in the pans actually weigh, just which one is heavier (or if 
they’re equal, it stays equal). 



“This will be easy,” you say. 

“Well,” she says, “you only get to use it twice, and then you have to tell 
me. So weigh your choices carefully!” She laughs at her silly joke. 

How can you figure out which coin is counterfeit in just two weighings 
of the balance scale? 

Problem 3 
What is the last digit of 1 × 3 × 5 × 7 × ⋯× 2017 × 2019? 

We are asking for the last digit if you multiply all the odd numbers from 
1 to 2019. You must explain why your answer is correct! 

Problem 4 
You’ve found yourself trapped in the desert (how do you get yourself 
into these messes???) and are desperate for a drink of water. 
Amazingly, you come across a food cart right there, and they have 
glasses of water available for just $1! You even have a dollar. You’re all 
set. 

Except, the cart vendor tells you, they only sell 8oz glasses of water, 
and all he has is a 6oz glass and a 10oz glass.  “I’ll pay a dollar for 6oz!” 
you say. 

“No,” he replies calmly, “I wouldn’t think of cheating you.” 

How can you use the 6oz glass and the 10oz glass to measure out 
exactly 8oz of water from his supply? 

Problem 5 
You’re in college applying to work for BEAM! Unfortunately, it turns out 
we have a pretty strange application process. 



There are ten people applying to work at BEAM this summer, and you 
must all stand in a line facing the same direction. Each of you is wearing 
a hat that is either red or blue. Each person can see the hats of the 
people in front of them, but not the ones behind them, and they cannot 
communicate except that each person can guess the color of their hat, 
“red” or “blue”, out loud. (When they guess, all the other people hear 
the guess.) 

After all ten have guessed, your BEAM interviewer announces which 
are correct. If nine out of the ten people guess correctly, then everyone 
gets hired (even the person who guessed wrong). But if more than one 
person gets it wrong, no one gets hired! 

Can you come up with a strategy to guarantee that only one person will 
be wrong, and so everyone will get hired? 

 

(Don’t worry, this isn’t what it’s like in real life. Well… probably!) 

  



Problem 6 
This problem comes with an additional sheet of paper with boxes 
numbered 1 through 8 that looks like this: 

 

1 8 7 4 
2 3 6 5 

 

Fold the piece of paper (without tearing it) into eighths so that from top 
to bottom you can read the numbers 1, 2, 3, 4, 5, 6, 7, 8 in order. 
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Problem 7 
What is the sum of all the digits of the numbers from 1 to 1000?  That 
is, instead of finding 1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 + 9 + 10 + 11 + … + 998 
+ 999 + 1000, you should find: 

1+2+3+4+5+6+7+8+9+1+0+1+1+ … + 9+9+8+9+9+9+1+0+0+0 

This will be a big number so find a nice way to do it! 

 

Problem 8 
If you take the fraction 1

3
 and you add its denominator to both the 

numerator and denominator, you get 

1 + 3
3 + 3

=
4
6

=
2
3

, 

which is two times as big as the original fraction. 

a) Find a fraction where if you add the denominator to both the 
numerator and denominator, you get a new fraction that is three 
times as big as the original. 

b) Do the same, but four times as big. 
c) And now, do five times as big! 

Problem 9 
Luis walks to school. One morning, he passes his favorite restaurant at 
7:30am, and then his friend’s house at 7:35am. If he walks at a constant 
speed without stopping, his favorite restaurant is a fourth of the way to 
school, and his friend’s house is a third of the way to school, what time 
does he get to school 



Problem 10 
You have three red checkers and three black checkers like below: 

 

       

 

Your goal is to move all the black checkers to the red checkers’ spots, 
and the red checkers’ spots to the black checkers’ spots. On each move, 
you can either move a checker one space forward (red checkers can 
only move right, and black checkers can only move left), or you can 
jump a checker forward over another one in front of it. Find a way to do 
this in fifteen moves.  

  



Problem 11 
Cut the figure below into four congruent (that is, identical) 
quadrilaterals. You can draw it in or actually cut it up. 

 

Problem 12 
Find five digits ABCDE so that the six-digit number ABCDE1 is three 
times bigger than the six-digit number 1ABCDE. 

  



Problem 13 
An eccentric queen is once again testing if you can be her advisor. 

“Here is your new challenge,” she says. She takes out twelve identical 
coins, all with her smiling face on them. “One of these is counterfeit 
and weighs a different amount than the others. You need to figure out 
which it is.” 

“Does it weigh more or less?” 

“I’m not going to tell you!” she says, smiling. 

With that, she brings out a balance scale. A balance scale lets you 
compare the weight of whatever is in its two pans—the heavier pan 
tips lower. However, it doesn’t tell you what the items in the pans 
actually weigh, just which one is heavier (or if they’re equal, it stays 
equal). 

“Now be careful,” she says, “you only get to use it three times, and 
then you have to tell me which is counterfeit and if it weighs more or 
less.” 

How can you figure out which coin is counterfeit, and if it’s lighter or 
heavier, in just three weighings of the balance scale? 

Note: This problem is similar to #2. Maybe the person who solved it can 
help you! 

Problem 14 
This problem is a game! Come back and a staff member will think of a 
random whole number between 1 and 1000. You can ask ten yes-or-no 
questions, then you must successfully guess the number. 



If you can come up with a way to always succeed, you have solved this 
problem. We will test you by playing the game up to five times in a row. 

Problem 15 
At the start of a fancy party, there are 10 guests. Each of the guests is 
already good friends with exactly one of the other 10 guests. Nobody 
knows anybody at the party besides the good friend they came with. 

The guests begin meeting each other. Every time a pair of new guests 
meet each other, they shake hands. (Of course, nobody shakes hands 
with the good friends they came with. They already know each other!) 

Maria is one of the 10 guests. Near the end of the party, Maria asks a 
question to all the other guests: “How many people did you shake 
hands with?” 

Amazingly, she gets every possible answer: one of them says they 
shook hands with 0 people, another says they shook hands with 1 
person, another shook hands with 2 people, all the way up to one 
person who shook hands with 8 people.  

“But Maria,” one of the other guests asks, “how many people did you 
shake hands with?” 

What does Maria answer? And what would Maria's good friend 
answer? 

Make sure to explain how you got your answer. 

  



Problem 16 
A magic square is one where every row, column, and diagonal adds up 
to the same number. 

So in this square, there are three rows, three columns, and two 
diagonals:  

   

   

   

 

Fill in a 3 × 3 square with the numbers 1 through 9 (once each) to 
create a magic square! 

   

   

   

 

  



Problem 17 
This is a number crossword! Fill in numbers according to the clues. Dark 
borders indicate where a number stops. 

1  2 3 

4 5   

6   7 

8  9  

Here are the clues: 

Across 
1. Take a number with four consecutive 
digits, reverse it, and subtract one from the 
other. What do you get? 
4. A number with consecutive increasing 
digits. 
6. 3 Down times 8 Across 
8. A prime number 
9. A multiple of 13 

Down 
1. Cube of one of the digits of 1 Across. 
2. Two cubed, then the last three digits of 1 
Across times 7 Down. 
3. 6 Across divided by 8 Across 
5. A number made of three consecutive 
digits. 
7. One of the factors of 3 Down times a factor 
of 1 Across 

 

Some useful definitions: 

• A digit is a single place of a number. 9, 3, and 7 are the digits of 937. 
• Consecutive means “in a row.” For example, 4, 5, 6 are consecutive. 
• Squaring something means multiplying it by itself. 7 squared is 49. 
• Cubing something means multiplying it by itself three times. 7 cubed is 49 × 7 = 343. 

 

  



Problem 18 
What is the last digit of 72018? 

Remember how exponents work: this multiples 7 times itself 2018 
times! 

Problem 19 
Look at this sequence: 

 

 

 

How many sides are there in the figure where 2019 appears? 

Problem 20 
This problem is a game! Starting at zero, both players alternate saying 
between 1 and 3 of the next numbers. For example, a game might go 
like this: 

Player 1: 1, 2 

Player 2: 3 

Player 1: 4, 5, 6 

Player 2: 7, 8 

Player 1: 9 

And so on. The player who says the number “25” wins. 
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2 3 
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 10

 



When you think you have a strategy to guarantee that you win, come 
back and play against the problem judge! You may choose to be Player 
1 or Player 2. We will test you by playing up to five games in a row. 

Problem 21 
The number A is a five-digit number with all different digits. The 
number B is also five digits, and not just are all its digits different, they 
are all different from A’s digits, too! 

What is the largest possible value of A-B? 

Problem 22 
What is the smallest number that is divisible by all the numbers 1, 2, 3, 
4, 5, 6, 7, 8, 9, and 10? 

  



Problem 23 
This problem comes with an additional sheet of paper with boxes 
numbered 1 through 8 that looks like this: 

 

1 8 2 7 
4 5 3 6 

 

Fold the piece of paper (without tearing it) into eighths so that from top 
to bottom you can read the numbers 1, 2, 3, 4, 5, 6, 7, 8 in order. 

 

Note: This problem is similar to #6. Maybe the person who solved it can 
help you! 

Problem 24 
The BEAM staff want to hand out some candy to some BEAM students. 
They count their candy, then think about how to divide it up evenly. 
The problem is that if they try to divide it up with 10 candies per 
person, one person would only get 9 candies. If they try to divide it with 
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9 candies per person, one person would only get 8 candies! If they try 
to divide it up with 8 per person, one person only gets 7… and so on, 
until if they try to divide it up with 2 candies per person, one person 
would be left with only 1! 

What’s the smallest number of candies they can have? 

Note: This problem has something in common with #22. Maybe the 
person who solved it can help you! 

Problem 25 
Are there any perfect squares that end with last digit 8? If yes, find one. 
If no, explain why not. 

Remember that a perfect square is a number that is equal to another 
number times itself. For example: 

1 = 1 × 1 

4 = 2 × 2 

9 = 3 × 3 

16 = 4 × 4 

25 = 5 × 5 

…and so on! 

Note: This problem has something in common with #18. Maybe the 
person who solved it can help you! 

Problem 26 
You are going to play a game against the judge for this problem. On 
each turn, a player can claim a number between 1 and 9 (including 1 
and 9). Once a number is claimed, no one else can claim it. The first 



person who has claimed three numbers that all add to 15 has won! If 
no one succeeds, then the game is a draw. 

For example, suppose A and B are playing this game and it goes like 
this: 

A: 9 

B: 3 

A: 5 

B: 8 

A: 4 

B: 1 

A: 6 

 

Then A just won, because 5+4+6=15. 

To succeed at this problem, you must either win or draw against the 
judge three times in a row. The judge decides if you go first or second 
for each game. 

 

(Problem 16 might be helpful.) 

Problem 27 
In the multiplication problem below, different letters represent 
different digits. Find the digits A, B, C, D, and E. 

 A B C D E 9 
×      4 
 9 A B C D E 

 



Problem 28 
Write the numbers 1 up through 1000 one after the other with no 
spaces: 

12345678910111213⋯ 9989991000. 

How many times does the sequence 89 appear? 

Problem 29 
The number A is a five-digit number with all different digits. The 
number B is also five digits, and not just are all its digits different, they 
are all different from A’s digits, too! 

What is the smallest possible value of A+B? 

Note: This problem has something in common with #21. Maybe the 
person who solved it can help you! 

Problem 30 
Here is a classic puzzle. A man must take a wolf, a goat, and some 
cabbage across a river. His rowboat only has enough space for the man 
and one of the other items (the wolf, the goat, or the cabbage). 

If the man leaves the goat alone with the cabbage, the goat will eat it. If 
the man leaves the wolf alone with the goat, the wolf will eat it! 

How can the man get the wolf, the goat, and the cabbage safely across 
the river? 

  



Problem 31 
You have three red checkers and three black checkers like below: 

          

Your goal is to move all the red checkers to the three spaces all the way 
to the left, and the black checkers to the next three spaces.  However, 
all you’re allowed to do is take two checkers that are right next to each 
other and move them to two empty spaces that are next to each other. 

Find a way to do it in three moves. 

Problem 32 
Fill in the blanks using each of the numbers 1–9 exactly once so that 
each side of the triangle adds to 20. (The corners count for both sides 
that they’re on.)  

  



Problem 33 
A train leaves from New York to Chicago going at 60 miles per hour. 
Another train leaves from Chicago to New York at 40 miles per hour.  
How far apart are the trains one hour before they pass each other? 

Problem 34 
Take the numbers 987654321 in order. You can put plus signs between 
these numbers to get different results. For example, 

987 + 6 + 54 + 321 = 1368 

Find a way to put plus signs between the numbers to get a total of 99. 

Problem 35 
Two girls are on a train from Los Angeles to San Diego. One says, “I 
notice that the trains coming in the opposite direction pass one every 5 
minutes. If we’re moving the same speed in the opposite direction, how 
many trains do you think arrive at Los Angeles from San Diego every 
hour?” 

“Twelve, of course,” said the other girl, “because 60 divided by 5 gives 
12.” 

The other girl did not agree.  What is the right answer?  You must give 
your reason to get credit for this problem! 

 

  



Problem 36 
A carrot farmer has a horse who is helping transport his carrots to the 
market. He has 3000 carrots, and he lives 1000 miles away from the 
market. 

The horse can carry at most 1000 carrots at a time, and worse, the 
horse eats one carrot for each mile traveled (so the horse can’t travel 
without any carrots). So if the horse went there directly, the farmer 
would have no carrots left! However, they can leave piles of carrots 
part-way and then pick them up again. 

What’s the greatest number of carrots the farmer can get to market? 

Problem 37 
The number A is a five-digit number with all different digits. The 
number B is also five digits, and not just are all its digits different, they 
are all different from A’s digits, too! 

If A > B, what is the smallest possible value of A-B? 

Note: This problem has something in common with #29. Maybe the 
person who solved it can help you! 

Problem 38 
The number 333⋯ 3 consists of 2018 digits, all 3’s. Is it a perfect 
square? 

Remember that a perfect square is a number that is equal to another 
number times itself. For example: 

1 = 1 × 1 
4 = 2 × 2 



9 = 3 × 3 
16 = 4 × 4 
25 = 5 × 5 

…and so on! Note: This problem has something in common with #25. 
Maybe the person who solved it can help you! 

Problem 39 
Put each of the numbers 1–12 along each side of a dodecagon (12-sided 
polygon) so that any two numbers that are next to each other differ by 
2 or 3. For example, 8 can be next to 11, 10, 6, or 5, but it can’t be next 
to any other numbers. 

 

 

  



Problem 40 
Cut out the 20 cards below and bring them to the office stacked on top 
of each other. We will take the top card off the deck and put it on the 
table. Then we’ll put the new top card on the bottom of the deck. Then 
we’ll take the new top card off the deck and put it on the table. Then 
we’ll put the new top card on the bottom of the deck. We’ll keep doing 
this until we’ve taken all the cards from the deck. You have solved this 
problem if the deck is arranged so that the cards on the table go in 
order: 1, 2, 3, etc. up to 20. 

1 2 3 4 5 
6 7 8 9 10 

11 12 13 14 15 
16 17 18 19 20 

  



Problem 41 
Take the numbers 1234567 in order. You can put plus signs between 
these numbers to get different results. For example, 

12+3+456+7 = 478 
Find a way to put plus signs between the numbers to get a total of 100. 
Note: This problem is similar to #34. Maybe the person who solved it 
can help you! 

Problem 42 
Write numbers on the diagram below so that the sum of the numbers 
along each straight line is 55. You are allowed to use five 20’s, three 
15’s, three 10’s, and six 5’s. 

 

     

   

   

  

  

 

 

 

 



Problem 43 
Find the sum below: 

15 + 20 + 25 + 30 + 35 + ⋯+ 875 + 880 + 885 

Make sure you don’t do this by adding them the long way! 

Problem 44 
A palindrome is an integer that reads the same backwards and 
forwards. For example, 29792 is a palindrome. 

Aisha decides to take integers that aren’t palindromes, add them to 
their reverse, and to keep doing this until she gets a palindrome. So if 
she starts with 64, its reverse is 46, and she would add 64+46=110. 

Now she adds 110 to its reverse: 110+11=121, which is a palindrome! It 
took two steps to turn 64 into a palindrome. 

For which integers between 10 and 100 that are not already 
palindromes will it take Aisha exactly six steps to turn them into 
palindromes? 

Problem 45 
Davon and Yeramis play a game. They start with a string of 0s and 1s, 
for example 0100. 

Then they take turns, with Davon going first. On each person’s turn, 
they can pick two adjacent numbers and combine them: 

• Two 0’s combine to a 0. 
• Two 1’s combine to a 0. 
• A 0 and a 1 together combine to a 1. 

In the end, only one digit will be left over. If it’s a 1, then Davon wins; 
otherwise Yeramis wins. 



For example, if they start with 0100 and Davon selects the 
first two numbers, the 01 becomes a 1 and Yeramis is left 
with 100. Now if Yeramis selects the last two numbers, the 
00 becomes a 0 and Davon is left with 10. Davon has no 
choice: he has to select the 10, which becomes a 1. Since 
the final digit is a 1, Davon wins! 

On the other hand, if they started with 0110, then if Davon 
selects the middle two numbers, the 11 becomes a 0 and 
Yeramis is left with 000. Now Yeramis wins: she selects 00 
to become 0, leaving Davon with 00, so he must turn that 
into a 0 and Yeramis wins. 

Now here is your challenge. Suppose that Davon starts 
with a string of 1000 digits, where the even spots are all 0’s and the odd 
spots are all 1’s. So the string starts off 101010… and keeps going for a 
thousand digits. Which player can guarantee a winning strategy? 

Problem 46 
In the correctly worked addition problem below, different letters 
represent different digits.  What is ABCD? 

 

Problem 47 
You are a part of the Bureau for Extrapolation and Advanced Mischief 
(BEAM), America’s most secret spy organization, and you’ve found a 
secret enemy device. 

It is important that you know how durable your enemy’s technology is, 
so you need to know how far it can fall before it breaks. You’ll test the 
device by dropping it off the floors of the Empire State Building, which 
has 102 floors. 

0100 

100 

10 

1 

0110 

000 

00 

0 

   A B C 
 +  B A C 
  C C D B 



If you drop the device and it doesn’t break, you can test it again. But if 
it falls and it breaks, you can’t test it again. 

If you have two enemy devices, what’s the fewest number of drops you 
need to determine for certain on what floor the device will break?  (As 
a warm-up, we recommend answering this question if you have only 
one device first!) 

Problem 48 
How many multiples of 3 are there between 10 and 787? 

 

  



Problem 49 
Break the figure below into six congruent (that is, identical) pieces. The 
grid lines are provided to help you out. You can draw it in or actually cut 
it up. 

 

           

           

           

           

           

           

           

           

 

Note: This problem is similar to #11. Maybe the person who solved it 
can help you! 

  



Problem 51 
Add the first few odd numbers: 

Numbers Sum 
1  
1+3  
1+3+5  
1+3+5+7  
1+3+5+7+9  
1+3+5+7+9+11  
1+3+5+7+9+11+13  

 

You should see a pattern. First, use that pattern to find the value of 

1 + 3 + 5 + 7 + ⋯+ 197 + 199. 

Now, give an explanation of why this pattern is true. How does the 
diagram below prove your pattern always works? 

        

        

        

        

        

        

        

        

  



Problem 50 
You’re just about at the half-way point! To celebrate, this problem is 
about halves. 

A piece of paper is about .002 inches thick. 

If you fold the piece of paper in half, it’s now twice as thick. Imagine 
you kept folding it in half over and over, until you’ve folded it 30 times. 
How thick is it now? 

Problem 52 
What is the smallest positive integer which is divisible by 4 and 9, which 
is written with only 4’s and 9’s, and which uses at least one of each 
when written out? 

Hint: There is an easy way to test if a number is divisible by 9. Add all its 
digits. If the sum is divisible by 9, then the number is too! (This test 
works for 3, too. If the sum is divisible by 3, then the number is, too.) 

  



Problem 53 
Imagine the rings below in three dimensions. They’re linked: you 
cannot separate them without cutting one open. 

 
These two rings are not linked; they come apart easily. 

 
Your goal in this problem is to make a very special collection of three 
linked rings that will not come apart without being cut, but where if you 
remove any one of the linked rings, the other two are no longer linked 
at all! Come to the office to get pipe cleaners to do this challenge. 



Problem 54 
“So,” says the queen, “I have a new challenge for you!” 

You roll your eyes.  Not another one. 

“We’ve just invented this new scale,” she says, “that tells you what 
things actually weigh instead of just comparing two items.” She unveils 
a scale with a digital readout that tells you exactly how many pounds 
the objects on it weigh. 

“Now I have five coins,” she says, bringing them out, “and one of them 
is counterfeit. It might way more, or it might weigh less than the others.  
You may use the scale three times to get the weight of whatever is on 
it. Can you determine which one is counterfeit and how much it 
weighs?” 

Problem 55 
Here is a way to insert 7 + and - signs between the numbers 123456789 
to get 100: 

1 + 2 + 3 – 4 + 5 + 6 + 78 + 9 = 100. 

Find a way to do it with only three plus or minus signs. 

Note: This problem is similar to #41. Maybe the person who solved it 
can help you! 

Problem 56 
How many four-digit numbers are not a multiple of 7? 

 

Note: This problem is similar to #48. Maybe the person who solved it 
can help you! 



Problem 57 
Find two numbers, neither of which have any zeros, which multiply 
together to give five million (5,000,000). 

Problem 58 
In the grid below, place 14 X’s so that the number of X’s in each row 
and each column is even. 

 

      

      

      

      

      

      

 

 

  



Problem 59 
Place the numbers 1–13 in the circles below, using each once, so that 
the sum along each line of three circles is the same. Find three different 
ways to do it, with three different numbers in the center circle. 

  



Problem 60 
Find a ten-digit number that uses all ten digits, 0–9, and where: 

• The first digit is divisible by 1; 
• The first two digits form a number that is divisible by 2; 
• The first three digits form a number that is divisible by 3; 
• The first four digits form a number that is divisible by 4; 
• The first five digits form a number that is divisible by 5; 
• The first six digits form a number that is divisible by 6; 
• The first seven digits form a number that is divisible by 7; 
• The first eight digits form a number that is divisible by 8; 
• The first nine digits form a number that is divisible by 9; 
• The whole number is divisible by 10. 

 

Note: This problem is similar to #52. Maybe the person who solved it 
can help you! 

Problem 61 
Suppose you have $1000. You are going to put this money into ten 
envelopes, so that if someone asks you for any number of dollars from 
$1 to $1000, you can give them some of the envelopes that total that 
amount of money. How do you do it? 

Problem 62 
Color in the squares below with 4 blue squares, 3 green squares, 3 red 
squares, 3 yellow squares, and 3 black squares so that no two squares 
of the same color touch (along a side or diagonal) and you don’t have 
two squares of the same color in any row or column. 

 



    

    

    

    

Problem 63 
You and your friends have built motarized boats that you’re going to 
race. The problem is that you forgot to bring a timer, so you have no 
way to figure out how long each boat takes to finish. 

You have space in the tank to race five boats at a time, and you can still 
record which boat finishes first, second, third, fourth, or fifth. If you  
have 25 boats all together, what’s the fewest number of races you need 
to figure out the top three fastest, and how do you do it? 

Problem 64 
Remember how squaring works: a number with a 2 exponent should be 
multiplied by itself. For example, 52 = 5 × 5 = 25 or 102 = 10 × 10 =
100. 

If 

12 + 22 + 32 + 42 + ⋯+ 242 + 252 = 5525, 

can you figure out the following two sums without adding up all the 
terms? 

22 + 42 + 62 + 82 + ⋯+ 482 + 502 =? ? ? 

 

32 + 62 + 92 + 122 + ⋯+ 722 + 752 =? ? ? 



Problems 65 and 66 
Below are ten numbers arranged in a circle: 

If you add 10+1, you get the same 
as if you add the numbers opposite 
them, 5+6. However, there’s 
nowhere else the diagram where if 
you take two adjacent numbers 
and add them, you get the same as 
if you take their opposite numbers 
and add them. 

Problem 65 is to rearrange the ten 
numbers so that whenever you 
take two adjacent numbers and 

add them, you get the same result as adding their opposites. Problem 
66 is to do it again, but with a different number opposite 10! 

 

  

10 
1 

2 

3 

4 

5 
6 

7 

8 

9 



Problem 68 
Place the numbers 1–6 in the following boxes (using each number 
multiple times) so that every possible pair of different numbers is 
connected by a line, and when there’s an arrow, it always points from a 
smaller number to a bigger number. 

 

 
If it helps, here’s a list of all possible pairs of numbers: 

1&2  1&3  1&4  1&5  1&6  2&3  2&4 

2&5  2&6  3&4  3&5  3&6  4&5  4&6 

5&6  



Problem 67 
How many ways are there to make change for $3 using only pennies, 
nickels, and dimes? 

Hint: The information from problem #51 might be helpful here! 

Problem 69 
What is the smallest number that is divisible by 13, and has remainder 1 
when divided by every number from 2 through 12? 

 

Note: This problem has something in common with #22 and #24. 
Maybe the person who solved it can help you! 

Problem 72 
You and a friend are going to go wandering through the forest. Your 
friend has a collection of green and purple stones, and they plan to 
drop them behind them in a pattern so that if you come across their 
trail, you can follow them and catch up. The first pattern the two of you 
think of is to do green purple purple, like this: 

…            … 

However, you soon realize there’s a problem. If you come across this 
trail in the middle of the woods, you’re not sure which way your friend 
was moving! Were they going left or right? 

Come up with the shortest possible repeating pattern using only green 
and purple stones so that if you see it you know which way your friend 
was moving. You should make your pattern without any gaps, just like 
the one above! 



Problem 70 
Six soccer teams are playing in a tournament. Not every team has 
played every other team yet. Amazingly, there have been no ties yet. 
Reconstruct the scores for all the games that have been played so far! 

 

Team Wins Losses Goals 
Scored 

Goals 
Allowed 

The Archimedean 
Solids 

3 0 9 5 

The Bernoulli 
Principles 

3 1 4 1 

The Catalan Numbers 2 1 4 3 
The Dedekind Cuts 1 2 4 4 

The Euler Constants 1 3 2 5 
The Fibonacci Spirals 0 3 0 5 

 

 

You can put final scores here. Write “none” for games not played yet. 

 A B C D E F 

A       

B       

C       

D       

E       

F       

  



Problem 71 
In 1999, three mathematicians named Anna Lubiw, Erik Demaine, and 
Martin Demaine proved that you can cut out any shape made of 
straight lines from a piece of paper by folding that paper (maybe in a 
very complicated way) and then making just one straight cut. 

Your challenge is to figure out how to cut a square out of a piece of 
paper with just one straight cut with a scissors. (Again, you can fold it 
first!) In the end, it should look like this: 

 

 

 

 

 

 

 

When you’ve figured out how to do it, come to the office to fold up a 
piece of paper and make your cut, so that we can see that you know. If 
you want, you can also do this out of a square sheet of paper (we have 
these in the office). 

  



Problem 73 
The hexagon below is regular, meaning that all its sides (and all its 
angles) are equal. Break it up into 12 congruent (that is, identical) 
pieces which are all four-sided figures (i.e. quadrilaterals). You can draw 
it in or actually cut it up. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Note: This problem is similar to #11 and #49. Maybe the person who 
solved those can help you! 

  



Problem 74 
The rings on the left are linked: you can’t remove any of them without 
cutting one of them. The rings on the right are not linked: they come 
apart easily. 

   
In Problem #53, you found a way to link three rings so that if you cut 
just one of the three rings the other two would come apart. (If you 
didn’t solve problem #53, you might want to talk to the people who 
did—they probably figured a lot out!) 

In this problem, your goal is to do the same thing but with four rings. 
Together, all four should be linked. But cut any one of the four rings, 
and the other three should come 
apart. Come to the office to get pipe 
cleaners to do this challenge. 

Hint: This is much more difficult, so 
here’s a clue to get you started. Put 
three of the rings together like the 
diagram at right. The fourth ring is 
added in a really different way, so be 
creative!  One way to do it, it won’t 
even cross two of the rings, but it still 
keeps them from getting out.   



Problem 75 
“Ah good,” says the queen as you come in, “I’m worried you’ve been 
slipping, so it’s time to test your wits again!” 

You sigh. This is getting ridiculous. Maybe there’s another monarch 
who’s less… puzzling? 

“We’ve got this great scale that tells you how much things actually 
weigh,” she says. “And I have six piles of coins, labeled A, B, C, D, E, and 
F.  One pile is all fake coins that weigh three grams each. The others are 
all real and weigh two grams each.” 

“Okay,” you say, “that sounds easy to figure out!” 

“Well,” she replies, “You only get to weigh once.” 

“Just once?” 

“Just once.” 

You sigh. 

“Oh,” she adds, “I almost forgot. If whatever you weigh is more than 35 
grams, the scale doesn’t work and gives you a random answer. So you 
better be sure it’s not too heavy!” 

How can you figure out which pile is counterfeit with just one 
weighing? 

Problem 76 
Find a way to cut a hole in a normal piece of paper so that the hole is 
large enough for you (or even an adult) to crawl through! 

  



Problem 77 
A string of 2018 digits begins with the number 6. Every two-digit 
number formed by adjacent digits is divisible by either 23 or 17. What 
possibilities are there for the last digit in the string? 

Problem 78 
Draw six line segments on a piece of paper without lifting your pencil 
off the paper and without retracing any lines, so that each line segment 
crosses exactly one other line segment, and so that you come back to 
where you started at the end of the sixth line segment. There should be 
no crossings at corners. 

Problem 79 
I thought BEAM didn’t give tests? 

Answer all the questions below. 

 

1. The answer to this question is 

        (A) A      (B) B      (C) C      (D) D      (E) E 

 

2. Alphabetically, the answer to this question and the one after it are 

        (A) the same      (B) 1 apart      (C) 2 apart     (D) 3 apart      (E) 4 
apart 

 

3. The number of questions in this test whose answers are vowels is 

        (A) 4     (B) 3      (C) 2     (D) 1      (E) 0 



 

4. The only answer that appears more than once in this test is 

        (A) C      (B) D      (C) E      (D) A      (E) B 

 

5. The last question on this test whose answer is a consonant is 

        (A) 5      (B) 1      (C) 4      (D) 2      (E) 3 

Problem 80 
How many ways are there to make change for a dollar using pennies, 
nickels, dimes, and quarters? 

Hint: Problem #67 is very similar! Maybe the person who solved it can 
help you. 

Problem 81 
Find every four-digit integer where reversing the digits gives a number 
exactly four times as big! 

Problem 82 
At an ice cream party, there were 20 people. Of those people, 14 had 
vanilla, 15 had strawberry, 16 had rocky road, and 17 had chocolate, 
and those were the only flavors available. Obviously, lots of people had 
seconds (and thirds, and fourths!). 

With this information, there’s no way to tell exactly who had what, but 
what’s the smallest number of people who must have had all four kinds 
of ice cream? 

  



Problem 84 
This puzzle was designed by Erik Demaine, Martin Demaine, and and 
Erika Johnson. 

Your challenge is to cut out and fold the 4 × 4 square below into a 2 ×
2 square that is fully shaded on both front and back. This should use all 
the shaded parts. You may not do any cutting or tearing. You should be 
able to do it by folding only along the lines. 

 

 
 

Hint: Whoever did problem #71 has a lot of experience with folding 
paper. Maybe you can team up with them! 

  



Problem 85 
Find a way to cut the regular hexagon below into pieces that can be 
reassembled into 4 congruent (i.e. identical) smaller regular hexagons. 
You can draw it in or actually cut it up. 

 

Hint: Whoever did problem #73 has already thought a lot about 
hexagons. Maybe you can team up with them! 

 

 

  



Problem 86 
The country just over the border from the queen’s domain is a small 
land called Greedtopia. Greedtopia just had a revolution and removed 
the king from power. After the revolution, in Greedtopia, each of the 66 
residents (including the king) now earns the same salary: $1. 

Before the king was deposed, he negotiated a deal. Greedtopia is now a 
democracy. Everything is settled by votes. The king can make a 
proposal for new salaries, but more people must vote in favor than vote 
against, and the king does not even get a vote! (Other people can 
choose not vote at all, which is called abstaining.) 

If the king proposes a new way to distribute the $66, then the residents 
of Greedtopia take a vote. Residents will always vote in favor if it means 
they get more money after the vote. Residents will always vote against 
if it means they get less money after the vote. Residents whose salary 
doesn’t change will abstain. For a vote to pass, it must have more 
people voting in favor than against. 

The total of all the salaries must always be $66, and all salaries must be 
integers (0 or greater). However, the greedy king can change salaries 
multiple times: he might make one proposal, then another, then 
another, changing the salaries each time. 

What is the highest salary the king can get himself to? 

 

  



Problem 83 
On a table, there are four big bowls: bowl A, B, C, and D. Bowls B, C, 
and D are empty, but bowl A is filled with cherries, and Jacob is about 
to serve the cherries to BEAM students in a weird way. 

First, Jacob takes out cherries from bowl A ten at a time. He serves nine 
of the cherries, and put the tenth in bowl B. He keeps doing this until 
there are fewer than ten cherries left in bowl A. Then he goes to bowl B 
and does the same thing: he takes cherries out ten at a time, serving 
nine of them and putting the tenth into bowl C. He keeps doing this 
until bowl B has fewer than ten cherries. Finally, he does the same thing 
in bowl C: he takes cherries out ten at a time, serving nine of them and 
putting the tenth into bowl D until bowl C has fewer than ten cherries. 

In the end, there are 7 cherries left in bowl A, 0 in bowl B, 9 in bowl C, 
and 6 in bowl D. How many cherries were there originally? (By the way, 
this is not a realistic number of cherries!) 

Problem 87 
Taking the factorial of a number means multiplying all the numbers that 
are equal to or less than that number. For example, 

6! = 6 × 5 × 4 × 3 × 2 × 1. 

Find the last digit of 

1! + 2! + 3! + 4! + 5! +  ⋯+ 2018! + 2019! 

Problem 88 
The page numbers in a book used 2989 digits in total. If the book 
started at page 1, how many pages did it have? 

  



Problem 90 
This puzzle was designed by Erik Demaine, Martin Demaine, and and 
Erika Johnson. 

Your challenge is to cut out and fold the 4 × 4 square below into a 2 ×
2 square that is shaded on one side and white on the other. You may 
not do any cutting or tearing. (There is a way to do it using only the 
creases indicated, but you may also use other folds.) 

 

 
 

Hint: Whoever did problems #71 and #84 have a lot of experience with 
folding paper. Maybe you can team up with them!  



Problem 89 
You are running a secret military outpost with special spy planes. Each 
plane can carry enough fuel to fly halfway around the equator of the 
world, but you need a plane to circle all the way around the world to 
gather intelligence without ever landing (so it won’t be detected). 

Fortunately, the planes can instantly refuel each other in mid-air. Find a 
plan to get one plane around the world using as few planes as possible 
and with all of the planes returning safely to your base. How many 
planes do you need to use, and how many full tanks of fuel do you use? 

Problem 91 
Jacob is at it again serving cherries! Just like before, there are four big 
bowls: bowl A, B, C, and D. Bowls B, C, and D are empty, but bowl A is 
filled with cherries, and Jacob is going to serve the cherries to BEAM 
students in another weird way. 

First, Jacob takes the cherries out from bowl A five at a time. He serves 
four of the cherries, and puts the fifth in bowl B. He keeps doing this 
until there are fewer than five cherries left in bowl A. Then he goes to 
bowl B and does the same thing: he takes cherries out five at a time, 
serving four of them and putting the fifth into bowl C. He keeps doing 
this until bowl B has fewer than five cherries. Finally, he does the same 
thing in bowl C: he takes cherries out five at a time, serving four of 
them and putting the fifth into bowl D until bowl C has fewer than five 
cherries. 

In the end, there are 2 cherries left in bowl A, 4 in bowl B, 0 in bowl C, 
and 3 in bowl D. How many cherries were there originally? 

Hint: This is pretty similar to problem #83! You should compare the two 
or talk to the person who solved it. 

  



Problem 92 
Fill in each of the hexagons below with a positive integer so that the 
number in each hexagon is equal to the smallest positive integer that 
does not appear in any of the hexagons that touch it. 

 

 
 

 

  



Problem 93 
Find a way to put plus and minus signs between all the numbers from 1 
to 100 so that the result comes out to 0. 

Problem 94 
You probably know the usual multiplication table: 

× 1 2 3 4 5 6 7 8 9 10 
1 1 2 3 4 5 6 7 8 9 10 
2 2 4 6 8 10 12 14 16 18 20 
3 3 6 9 12 15 18 21 24 27 30 
4 4 8 12 16 20 24 28 32 36 40 
5 5 10 15 20 25 30 35 40 45 50 
6 6 12 18 24 30 36 42 48 54 60 
7 7 14 21 28 35 42 49 56 63 70 
8 8 16 24 32 40 48 56 64 72 80 
9 9 18 27 36 45 54 63 72 81 90 

10 10 20 30 40 50 60 70 80 90 100 
 

Imagine you made a 20×20 multiplication table. What would you get if 
you added up all the products? 

For this problem, you should not add the numbers directly. Find a nice 
way to do it—we’ll ask you to explain how you did it. 

Problem 96 
A bag contains 24 red and 15 blue marbles. Over and over again, you 
keep removing two marbles; if they’re both blue, you remove both; if 
they’re both red, you remove one and put the other back in the bag; if 
you get both a red and a blue, you put the blue one back in the bag but 
remove the red one. What is the probability that the last marble in the 
bag is red?  



Problem 95 
A shape is called convex if it never bends inward. For example, here are 
a few shapes that are convex: 

 

 

 

 

Here are a few shapes that are not convex: 

 

 

 

 

Find a way to break the 
equilateral triangle at 
right (i.e. a triangle with 
all sides equal) into nine 
convex pentagons. 
(Remember that a 
pentagon is a 5-sided 
figure. The rightmost 
purple and orange 
figures are both 
pentagons.)  



Problem 97 
In 1999, three mathematicians named Anna 
Lubiw, Erik Demaine, and Martin Demaine proved 
that you can cut out any shape made of straight 
lines from a piece of paper by folding that paper 
(maybe in a very complicated way) and then 
making just one straight cut. 

Your challenge is to figure out how to cut the five-
pointed star below out of this piece of paper with just one straight cut 
with a scissors. (Again, you can fold it first!) You should come to the 
office and we’ll print another so you can show us. 

Hint: This is a more advanced version of problem #71. Problems #84 
and #90 also involved folding paper. Maybe you can team up with the 
people who solved those! 

 

 

 

 

 

 

 

 

  



Problem 98 
Find a way to cut the regular hexagon below into pieces that can be 
reassembled into 2 smaller regular hexagons (these hexagons may be 
different sizes from each other). You can draw it in or actually cut it up. 

 

Hint: Whoever did problems #73 and #85 have already thought a lot 
about hexagons. Maybe you can team up with them! 

 

 

  



Problem 99 
The queen smiles as you come in. Another test of your wits! 

Seven gold coins glitter on the table in front of her, each one with a 
smiling face just like the real queen in front of you. 

“You’ll be pleased to know,” she says, “that this is my final challenge.” 

Finally, you think. After this, you’ll be able to just kick back, drawing 
your nice salary from the queen and relaxing. Although maybe you’ll 
miss the challenge of her puzzles… 

“You see,” she says, “we’ve invented a special counterfeit coin 
detector!” She reveals the device, a shiny new metal box with a digital 
readout. “You can put any number of coins inside it, and it will tell you 
if any are counterfeit.” 

“Great!” you say. 

“In fact,” she says, “two of these seven coins are counterfeit.” 

“Of course they are,” you respond. 

If she notices your sarcasm, she doesn’t say anything. “Unfortunately,” 
she says, “it draws a lot of electricity each time you use it, and it startles 
my cats.”  She demonstrates, pushing the button.  The lights flicker, and 
you hear a distant meow. 

“So,” she says, “I want to see if you can use it efficiently. Can you find 
the counterfeit coins using it only five times?” 

 

  



Problem 100 
Five pirates have captured a treasure of 100 doubloons! Now they must 
divide it amongst themselves. 

The pirates are named Angry, Boorish, Crummy, Dirty, and Evil. No one 
likes them very much, but they are very good at math and logic. Angry 
is the captain; the next most senior is Boorish, then Crummy, then 
Dirty, then Evil. 

Angry is the captain, and gets to decide how to split the money. 
However, after she decides the split, all pirates (including Angry) get to 
vote. If they vote in favor or they tie, then the doubloons are split the 
way the captain proposed. But if more than half of the pirates vote 
against the split, the captain must walk the plank, and then the next in 
line takes over and gets to decide a new split. Again the pirates vote, 
and again they either keep the money — or the new captain also walks 
the plank. They keep going until they accept a split or until only one 
pirate is left (and that pirate gets to keep all 100 doubloons!). 

The pirates are all perfectly logical, and they know it, so they will all 
vote in a way that guarantees them as many doubloons as possible. 
(However, they’re also bloodthirsty, so if they can get the same number 
of doubloons either way, they’ll vote against just to see someone walk 
the plank!) 

How should Angry distribute the doubloons so as not to die and keep as 
many doubloons as possible for herself? 
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